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Abstract
In the paper, a new upper bound in the second Kershaw’s double inequality involving ratio of gamma functions is established,
and, as generalizations of the second Kershaw’s double inequality, the divided differences of the psi and polygamma functions are
bounded.
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1. Introduction
Recall [14,26] that a function f is said to be completely monotonic on an interval I if f has derivatives of all orders
on I and
(−1)nf (n)(x)0, (1)
for x ∈ I and n0. Recall [1] that if f (k)(x) is completely monotonic on an interval I for some nonnegative integer k,
but f (k−1)(x) is not completely monotonic on I, then f (x) is called a completely monotonic function of kth order on
an interval I. Recall also [1,17,18,21,22] that a positive function f is called logarithmically completely monotonic on
an interval I if f has derivatives of all orders on I and its logarithm ln f satisﬁes
(−1)k[ln f (x)](k)0, (2)
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for all k ∈ N on I. It has been presented explicitly by different approaches in [3,17,18,25] that a logarithmically
completely monotonic function must be completely monotonic, but not conversely. The famous Bernstein’s Theorem
in [26, Theorem 12a, p. 160] states that a function f on [0,∞) is completely monotonic if and only if there exists a
bounded and nondecreasing function (t) such that
f (x) =
∫ ∞
0
e−xt d(t), (3)
a Laplace transform of the measure (t), for x ∈ [0,∞).
The generalized logarithmic mean Lp(a, b) of order p ∈ R for positive numbers a and b with a = b is deﬁned in
[4, p. 385] by
Lp(a, b) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
[
bp+1 − ap+1
(p + 1)(b − a)
]1/p
, p = −1, 0,
b − a
ln b − ln a , p = −1,
1
e
(
bb
aa
)1/(b−a)
, p = 0.
(4)
Note that
L1(a, b) = a + b2 = A(a, b), L−1(a, b) = L(a, b) and L0(a, b) = I (a, b) (5)
are called, respectively, the arithmeticmean, the logarithmicmean, and the identric or exponential mean in the literature.
Since the generalized logarithmic mean Lp(a, b) is increasing in p for a = b, see [4, Theorem 3, pp. 386–387],
inequalities
L(a, b)< I (a, b)<A(a, b) (6)
are valid for a > 0 and b> 0 with a = b.
It is well known that the classical Euler’s gamma function (x) is deﬁned for x > 0 as
(x) =
∫ ∞
0
e−t tx−1 dt . (7)
The logarithmic derivative of (x), denoted by
(x) = 
′(x)
(x)
, (8)
is called the psi or digamma function, and (i)(x) for i ∈ N are known as the polygamma or multigamma functions.
These functions play central roles in the theory of special functions and have lots of extensive applications in many
branches, for example, statistics, physics, engineering, and other mathematical sciences.
In [8], two double inequalities
exp[(1 − s)(n + 1)] (n + 1)
(n + s) n
1−s (9)
and
(n + 1)1−s (n + 1)
(n + s) n
1−s (10)
on the ratio of two gamma functions were established for n ∈ N and 0s1.
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Motivated by inequalities (9) and (10), the following two double inequalities were obtained for 0<s < 1 and x1
in [9]:
(
x + s
2
)1−s
<
(x + 1)
(x + s) <
(
x − 1
2
+
√
s + 1
4
)1−s
, (11)
exp[(1 − s)(x + √s)]< (x + 1)
(x + s) < exp
[
(1 − s)
(
x + s + 1
2
)]
. (12)
Inequalities (11) and (12) are called in the literature the ﬁrst and the second Kershaw’s double inequality, respectively.
There have been lots of articles devoted to the study of the ﬁrst Kershaw’s inequality (11). For a more complete list
of references related to the ﬁrst Kershaw’s inequality (11), please refer to the recent papers [12,20].
In [7, Theorem 4, p. 248], it was proved that
(x + I(s, t))< 1
t − s
∫ t
s
(x + u) du<(x + A(s, t)), (13)
for x0, s > 0, t > 0 and
I(s, t) = −1
(
1
t − s
∫ t
s
(u) du
)
, (14)
where −1 denotes the inverse function of . Inequality (13) can be rewritten as
e(x+I(s,t))
[
(x + t)
(x + s)
]1/(t−s)
< e(x+A(s,t)), (15)
which extends and improves the second Kershaw’s double inequality (12).
In [2, Theorem 2.7], the second Kershaw’s double inequality (12) was generalized and extended as
−|(n+1)(L−(n+2)(x, y))|< |
(n)(x)| − |(n)(y)|
x − y < − |
(n+1)(A(x, y))|, (16)
which bounds the divided differences of the polygamma functions, where x and y are positive numbers and n are positive
integers.
In [13], the second Kershaw’s double inequality (12) was generalized, extended and reﬁned as follows: for s, t ∈ R
with s = t , the function[
(x + s)
(x + t)
]1/(s−t) 1
e(L(s,t;x))
(17)
is decreasing in x > − min{s, t} and[
(x + s)
(x + t)
]1/(t−s)
e(A(s,t;x)) (18)
is logarithmically completely monotonic in x > − min{s, t}. Consequently, in virtue of the fact that the limits of the
functions (17) and (18) as x → ∞ equal to 1, inequality
e(L(s,t;x)) <
[
(x + s)
(x + t)
]1/(s−t)
< e(A(s,t;x)), (19)
which gives a new lower bound in the second Kershaw’s double inequality (12) is obtained for s, t ∈ R and x > −
min{s, t} with s = t , where
L(s, t; x) = L(x + s, x + t) and A(s, t; x) = A(x + s, x + t) = x + A(s, t). (20)
There also have been a lot of literature, such as [5,11,10,16,19,23] and the related references therein, about the
reﬁnements, extensions, and generalizations of the second Kershaw’s double inequality (12).
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The aim of this paper is to reﬁne the very right-hand side inequalities in (19) and (16), and then new upper bounds
in the second Kershaw’s double inequality and for the divided differences of the psi and polygamma functions are
established.
The main results of this paper are included in the following theorem.
Theorem 1. Inequalities[
(x + s)
(x + t)
]1/(s−t)
e(I (s,t;x)) (21)
and
(−1)n[(n−1)(x + s) − (n−1)(x + t)]
s − t (−1)
n(n)(I (s, t; x)), (22)
for s, t ∈ R with s = t , x > − min{s, t}, I (s, t; x) = I (x + s, x + t) and n ∈ N, or, equivalently,[
(a)
(b)
]1/(a−b)
e(I (a,b)) (23)
and
(−1)n[(n−1)(a) − (n−1)(b)]
a − b (−1)
n(n)(I (a, b)), (24)
for a > 0 and b> 0, hold true.
2. Remarks
Before proving Theorem 1, we would like to give some remarks on it and, by the way, on the completely monotonic
properties of the logarithmic mean and the exponential mean which are special cases of the generalized logarithmic
mean Lp(a, b) deﬁned by (4).
Remark 1. Since the right-hand side inequality in (6), inequality (21) extends and reﬁnes the right-hand side inequal-
ities in (12) and (19), and inequality (22) reﬁnes the right-hand side inequality in (16).
Remark 2. It is clear that the case n = 1 in inequality (22) is not included by the double inequality (16).
Remark 3. It is conjectured that the functions (17) and[
(x + s)
(x + t)
]1/(t−s)
e(I (s,t;x)), (25)
deduced from inequality (21), are logarithmically completely monotonic in x > − min{s, t} for s, t ∈ R with s = t .
Remark 4. Inequalities (12), (13), (15), (16), (19), (21), (22) and the increasinglymonotonic property of the generalized
logarithmic mean Lp(a, b) suggest us a question: What are the best constants  and  such that
e(L(s,t))
[
(s)
(t)
]1/(s−t)
e(L(s,t)) (26)
and
−|(n)(L(s, t))| |
(n−1)(s)| − |(n−1)(t)|
s − t  − |
(n)(L(s, t))| (27)
are valid for positive real numbers s and t?
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Similarly, the decreasingly monotonic property of function (17) and the logarithmically completely monotonic
property of function (18) lead us to ask another question: What are the ranges of p such that the function
[
(x + s)
(x + t)
]1/(s−t) 1
e(Lp(s,t;x))
(28)
or its reciprocal for s, t ∈ R with s = t and
Lp(s, t; x) = Lp(x + s, x + t)
are monotonic or logarithmically completely monotonic in x > − min{s, t}?
Remark 5. To the best of our knowledge, in [20] were presented the most elegant and polished necessary and sufﬁcient
conditions such that the function
Ha,b,c(x) = (x + c)b−a (x + a)
(x + b) , (29)
related to the ﬁrst Kershaw’s double inequality (11) is logarithmically completely monotonic for real numbers a, b,
c, and  = min{a, b, c}: The function Ha,b,c(x) is logarithmically completely monotonic in x ∈ (−,∞) if and
only if
(a, b, c) ∈ {(a, b, c) : (b − a)(1 − a − b + 2c)0}
∩ {(a, b, c) : (b − a)(|a − b| − a − b + 2c)0}
\{(a, b, c) : a = c + 1 = b + 1 or b = c + 1 = a + 1}
D1(a − c, b − c) (30)
and the function Hb,a,c(x) is logarithmically completely monotonic in x ∈ (−,∞) if and only if
(a, b, c) ∈ {(a, b, c) : (b − a)(1 − a − b + 2c)0}
∩ {(a, b, c) : (b − a)(|a − b| − a − b + 2c)0}
\{(a, b, c) : b = c + 1 = a + 1 or a = c + 1 = b + 1}
D2(a − c, b − c). (31)
Fig. 1. The (,)-domain D1(,).
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Fig. 2. The (,)-domain D2(,).
The (, )-domains D1(, ) and D2(, ) deﬁned by (30) and (31) can be described, respectively, by Figs. 1
and 2 below. These two ﬁgures show clearly that the (, )-domains D1(, ) and D2(, ) are symmetric with respect
to the line = .
From considering the logarithmically completely monotonic properties of the functions Ha,b,c(x) and Hb,a,c(x), the
following double inequalities can be derived for b>a0, k ∈ N and x > 0:
(k − 1)!
(x + )k 
(−1)k−1[(k−1)(x + b) − (k−1)(x + a)]
b − a 
(k − 1)!
(x + )k . (32)
They hold true if and only if  max{a, (a + b − 1)/2} and 0 min{a, (a + b − 1)/2}.
Remark 6. In [15], it was proved that the logarithmic mean L(s, t; x) is a completely monotonic function of ﬁrst order
in x > − min{s, t} for s, t ∈ R with s = t .
By standard arguments, it is easy to verify that the reciprocal of the identric mean I (s, t; x) is logarithmically
completely monotonic in x > − min{s, t} for s, t ∈ R with s = t .
Formula (35) below gives an integral representation of the exponential or identric mean I (s, t) for positive numbers
s and t:
I (s, t) = exp
(
1
t − s
∫ t
s
ln u du
)
, (33)
which is not found in the book [4]. From this, it is easy to obtain that the identric mean I (s, t; x) for s, t ∈ R is also a
completely monotonic function of ﬁrst order in x > − min{s, t}.
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3. Proof of Theorem 1
It was obtained in [6] that if g is strictly monotonic, f is strictly increasing and f ◦ g−1 is convex (or concave,
respectively) on an interval I, then
g−1
(
1
t − s
∫ t
s
g(u) du
)
f −1
(
1
t − s
∫ t
s
f (u) du
)
, (34)
holds (or reverses, respectively) for s, t ∈ I . See also [4, Lemma 2, p. 274]. It is easy to see that the functions
f (x)= (−1)i(i)(x) for i0 and g(x)= ln x are strictly increasing and the inverse function of g is g−1(x)=ex . Direct
computation gives
g−1
(
1
t − s
∫ t
s
g(u) du
)
= I (s, t), (35)
f ◦ g−1(x) = (−1)i(i)(ex)h(x) (36)
and
h′′(x) = (−1)iex[(i+1)(ex) + ex(i+2)(ex)]
= (−1)iu[(i+1)(u) + u(i+2)(u)]
= u[|(i+1)(u)| − u|(i+2)(u)|],
where u = ex . In [24], the function
x|(i+1)(x)| − |(i)(x)|
is proved to be completely monotonic in (0,∞) if and only if 0 i ∈ N. This implies h′′(x)0 in (0,∞).
Consequently, the function h(x) is concave for all nonnegative integers i0. Thus, the conditions such that inequality
(34) reverses are satisﬁed by taking f (x) = (−1)i(i)(x) and g(x) = ln x for i0. As a result, this leads to
(−1)i
b − a
∫ b
a
(i)(u) du(−1)i(i)(I (a, b)), (37)
for positive numbers a and b with a = b and for all nonnegative integers i.
Let Fs,t (x) be the function in (25). Taking logarithm of Fs,t (x) and using the mean value theorem yields
lnFs,t (x) = (I (s, t; x)) − ln(x + s) − ln(x + t)
s − t
=(I (s, t; x)) − 1
s − t
∫ s
t
(x + u) du.
Applying inequality (37) to i = 0, a = x + s, and b = x + t , it is showed that lnFs,t (x)0 and Fs,t (x)1 which is
equivalent to (21).
Inequality (22) can be rewritten as
(−1)n+1
s − t
∫ s
t
(n+1)(x + u) du(−1)n+1(n+1)(I (s, t; x)),
which follows from inequality (37).
Substituting x + s = a and x + t = b into (21) and (22) leads to (23) and (24). The proof of Theorem 1 is complete.
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